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Abstract 

The Seiberg-Witten solution of N = 2 supersymmetric SU (2) gauge theo- 
ries with matter is analysed as an isomonodromy problem. We show that the 
holomorphic section describing the effective action can be deformed by moving 
its singularities on the moduli space while keeping their monodromies invariant. 
Well-known examples of isomonodromic sections are given by the correlators of 
two-dimensional rational conformal field theories - the conformal blocks. The 
Seiberg-Witten section similarly admits the operations of braiding and fusing of 
its singularities, which obey the Yang-Baxter and Pentagonal identities, respec- 
tively. Using them, we easily find the complete expressions of the monodromies 
with affine term, and the full quantum numbers of the BPS spectrum. While 
the braiding describes the quark-monopole transmutation, the fusing implies 
the superconformal points in the moduli space. In the simplest case of three 
singularities, the supersymmetric sections are directly related to the conformal 
blocks of the logarithmic minimal models. 
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1 Introduction 



The beautiful exact solution of the low-energy effective actions of N = 2 supersym- 
metric gauge theories in four dimensions [|IJ has led to dramatic developments in field 
theory and string theory over the last three years [0. In this paper, we would like 
to analyse some mathematical aspects of the exact solution and compare them with 
analogous properties of the correlators of two-dimensional conformal field theory - 
a well-understood exactly solvable problem 0. Our general motivation is to under- 
stand the integrable structure behind the Seiberg-Witten solution and to develop a 
framework for extending the solution to other field-theory observables. We shall make 
a few steps in this program, which we find interesting, and, meanwhile, we shall ob- 
tain some physical results for the spectrum of these theories. We shall consider the 
simple case of N = 2 supersymmetric £77(2) gauge theories with Nf massive quark 
hypermultiplets, N f = 0, 1, 2, 3 0. 

A crucial element of the N = 2 supersymmetric solution is the holomorphicity of 
the prepotential J 7 ^) as a functional of N = 2 chiral superfield \I/ [|J. This is a con- 
sequence of chiral decomposition of supersymmetric representations^]: in formulae^], 

= and 7J> = — > A^ W = . (1.1) 

Once the fields have acquired a v.e.v., (ty) = a, holomorphicity in field space im- 
plies that J- (a) is a holomorphic function of the v.e.v., d/da J 7 (a) = 0, and of the 
coordinates of the moduli space as well. 

A similar property of holomorphicity is found in two-dimensional conformal field 
theories, if one compares the moduli space of the four-dimensional theories with the 
coordinate space z = X\ + ix% of the two-dimensional theories. Actually, conformal 
symmetry implies that the stress-energy tensor is holomorphic d/dz T(z) = 0. This 
relation is stable under analytic reparametrizations of the coordinate (z — > w), 

^T(z) = «-> |-TH=0, z=J2^w n+1 , (1.2) 
dz dm ^ 

and leads to powerful Ward identities which can be solved for the correlators H. 
Within this infinite-dimensional covariance of the theory, the true symmetry transfor- 
mations are given by the projective si (2, C) subalgebra. To summarize, in conformal 

* In the N = 1 action, the superpotential W(<f)) and the gauge effective coupling r(0) are similarly 
holomorphic in the N = 1 chiral superfield ip. 

t In Eq.(Ll), a = 1, 2 and i = 1, 2 are the spinor and supersymmetry indices, respectively. 
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field theory holomorphicity is associated with an infinite-dimensional covariance and 
integrability. 

In the supersymmetric theories, holomorphicity is similarly stable under analytic 
field redefinitions — > £): 

4^(*) = - ^F(E) = 0, * = £e n £" +1 . (1.3) 

These non-linear transformations are not familiar in field theory, because we usually 
consider the Ward identities for linear field variations^. The true symmetries of the 
action are restricted to the finite-dimensional supersymmetric transformations 5^ = 
^Q 1 ^ which act trivially on the moduli, 5^a = 0. 

Nevertheless, we believe that there should exist Ward identities for the infinite- 
dimensional covariance in field space. A necessary condition for this covariance is 
the possibility of continuously deforming the moduli space of the low-energy theory, 
without changing its main features. This is called the isomonodromy property ||. In 
this paper, we show that the Seiberg-Witten solution is indeed isomonodromic and 
discuss some consequent effects. 

The Seiberg-Witten solutions of the massive SU(2) theories involve the holomor- 
phic sections (od(w), a (it)), whose (Nf + 2) singularities can be displaced in the moduli 
space {u G C}, without varying the monodromies around them^. Actually, the Nf 
quark singularities u ~ 0(mf) can be moved by varying the masses, and their mon- 
odromies are given by constant integer matrices. The two additional singularities 
u = ±0(A 2 ) also have integer monodromies, but there is only one parameter for dis- 
placing them. Therefore, we should allow a further isomonodromic deformation of the 
u variable, which changes the physical moduli space into a more general, unphysical 
one. This can be done because the Seiberg-Witten section is specified by an elliptic 
curve: small u deformations correspond to small variations of the coefficients of the 
curve which do not generically change the monodromies. In the particular case of the 
pure ££7(2) theory, it is also possible to displace the two singularities by SL(2, C) 
projective transformations of u, which are invertible in the whole plane and thus 
leave the monodromies invariant. We thus conclude that the £77(2) Seiberg-Witten 
solution is "covariant" under SL(2, C) transformations in the u plane. 

The isomonodromy of the Seiberg-Witten solution has also been discussed in the 

* In particular, non- linear transformations of N = 2 chiral fields are usually disregarded [Q, 
because they violate the Bianchi identity for the photon in the N = 2 chiral multiplet (D la D 3 a ^ = 

§ Another singularity sits at infinity. 
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recent Refs. 0@- This is a general property of integrable systems, which is not 
too useful in practice: one actually needs to identify the specific class of integrable 
systems corresponding to the Seiberg-Witten solution, and to characterize it by an 
infinite-dimensional covariance. Some interesting relations with integrable systems 
have been found in the Refs.||. 

The rational conformal field theories are a well-understood class of isomonodromy 
problems. The monodromy properties of the n-point conformal blocks (holomorphic 
part of the correlators) have been analysed by Moore and Seiberg in Ref. 0. Consider 
for example the holomorphic part of the four-point function: 

(M*)M*)<hte)M*4) « E % Km* ( {Z1 ~ Z2){Z3 ' Z4} ) . (i.4) 

j=l \{zi - z 3 ){z 2 - z±) / 

In this equation, the q conformal blocks T^{j]) form a g-dimensional holomorphic 
section with three branch points at 77 = 0, 1, 00, which satisfy a g-th order differential 
equation. The behaviour of each block for Z\ — > z 2 is given by the corresponding 
term in the operator product expansion, 

&(*i)&teO - I>i - z2) h >- hl ~ h2 Hz2) , (1.5) 

i=i 

where hi,h,2,hj are the conformal dimensions of the fields. This fusion of fields is 
described by the "dual" diagram in Fig. ([!]). The monodromy for z\ going around 
z 2 has the diagonal form M 2 = (A2) y = djj'e' 12 ^^^ 111 ^^; it is independent of the 
position of the other singularities, because they do not enter in the local operator- 
product expansion. The monodromies around the other singularities are of the form 
Mi = UiAiU,' 1 , where the Ut are the transformations for carrying the monodromy 
paths to a common base point. The diagonal matrices A, are again determined by the 
operator-product expansion of the corresponding fields; the Ui are the transformations 
among equivalent sets of solutions of the differential equation for T\ which are de- 
termined by the universal data of the rational conformal field theory [|K]]. Therefore, 
all the monodromies are independent of the {Zi}. 

Moore and Seiberg have introduced the fusion operator which acts on the fields and 
modifies the fusion pattern; namely, it replaces the "s-channel" diagram in Fig. ([TJ) 
with the "t-channel" diagram. Furthermore, there is the braiding operator which 
exchanges the fields in the block by analytic continuation in the z-plane. This oper- 
ator satisfies the Yang-Baxter identity due to the associativity of exchanges; more- 
over, the associativity of the fusion and braiding operators is enforced by the Moore- 
Seiberg Pentagonal identity. The Yang-Baxter and Pentagonal identities summarize 
the isomonodromy of the conformal blocks. 
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Figure 1: "Duality" diagram for the 4-point conformal block. 



In this paper, we show that analogous braiding and fusing operations can be 
defined for the Seiberg-Witten sections. On the other hand, we also find that these 
holomorphic functions are different from the conformal sections, in general. In Section 
2, we follow the motion of the singularities as the quark masses are varied and find that 
they braid and fuse in pairs. We define the braiding and fusing operators which act on 
the singularities, rather than the "fields", and actually transform their monodromy 
matrices. We then show that these operators satisfy the Yang-Baxter and Pentagonal 
identities, respectively. Actually, these identities express topological properties which 
must hold in any isomonodromy problem. 

The physical meaning of these braidings and fusings in the supersymmetric theory 
is the following the braiding describes the transmutation of a massless quark 
singularity at weak coupling (u ~ m 2 for m 2 3> A 2 ) into a massless monopole one 
at strong coupling (u = 0(A 2 ) for m 2 = 0(A 2 )). The fusing describes the merging 



of quark and monopole singularities into a super conformal singular point ||TTJ . These 
critical points occur sometimes at finite values = 0(A) on the trajectory rrii —>■ oo 
of a quark decoupling - a rather odd renormalization group behaviour. Actually, we 
show that the pattern of superconformal points, i.e. of the fusings, is determined by 
the consistency with the braidings; namely, it is a physical effect of isomonodromy. 

The BPS mass formula for N = 2 supersymmetric theories with Nf quark hyper- 
multiplets of mass m/ is given by |L|: 



Nt 



m 



2\Z\ 



n m a D (u) + n e a(u) + ^s f " ' 



mj 
V2 



1.6) 



where 



Sf) are the magnetic, electric and (pseudo)-baryonic quantum num- 
bers, respectively. The monodromy transformations of (a^, a) contain additive terms 
proportional to the masses, which were not completely understood in the literature. 
In Section 2.3, we use the Yang-Baxter and Pentagonal identities as equations to de- 
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termine completely these affine terms; as an input, we use the matching between the 
Nf and the (Nf — 1) theories at the quark decouplings. This algebraic derivation is 
simpler than the direct analytic continuation of the general Seiberg-Witten sections. 
The complete monodromy matrices of the Nf = 1 theory are derived in the text, 
while those of the Nf = 2 and 3 theories are found in the Appendix A. Moreover, 
simple explicit expressions for the Seiberg-Witten sections are obtained in Appendix 
B for the cases of maximally fused singularities; their monodromy transformations 
are then used to check the results by the algebraic approach. 

Next, we use the complete monodromies to determine the full spectrum of the 
pseudo-baryonic quantum numbers. The (n m ,n e , Sf) quantum numbers in ( |1.6| ) are 
also transformed under the monodromy of (a/), a), so that Z remains invariant; this 
is the spectral flow, which should map the spectrum into itself. Following Ref. ||12||, 
we use this flow as a self-consistent constraint which determines the complete weak- 
coupling spectrum. 

In Section 3, we study more closely the analytic properties of the Seiberg-Witten 
section in the first non-trivial case of three singularities (Nf = 1). We rewrite the 
Picard-Fuchs equations satisfied by the section |13|] into a Fuchsian second-order dif- 
ferential equation, which is the traditional setting for studying isomonodromy fll4 |. 
This property implies a set of differential integrability conditions for the residues of 
the single-pole terms (the accessory parameters) and the apparent singularity in the 
Fuchsian equation. For three singularities, these conditions reduces to a single non- 
linear differential equation, the Painleve VI equation for the apparent singularity. We 
find that this is rather remarkably satisfied by the Seiberg-Witten solution: this yields 
an explicit proof of isomonodromy, which confirms the previous, intuitive arguments. 
As an outcome of this analysis, we find a new first-order differential equation for the 
mass variation (dan/ 'dm, da/ 'dm). 

In Section 4, we directly identify some Seiberg-Witten sections with the conformal 
blocks of suitable conformal field theories. The two-dimensional monodromies imply 
the operator product expansion (j)y4>2 = <p+4>'- This is reproduced, for example, by the 
primary field 01,2 of the minimal conformal models with central charge c(p,p') = 1 — 
6(p — p') 2 /pp'. The presence of logarithmic singularities requires that the dimensions 
of the fields and are equal, h = h'; this occurs in the so-called logarithmic 
conformal field theories with c = c(l,p') fll5f . We consider the simplest Seiberg- 
Witten sections with three singularities, which describe the Nf = theory and Nf = 
1, 2, 3 ones with (Nf + 1) singularities fused into a super conformal point. Indeed, we 
are able to identify these sections with the four-point conformal blocks of the theories 
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with c = c(l, 2), c(l, 3), c(l, 4) and c(l, 6), respectively. 

This correspondence is not sufficient to establish the complete equivalence of the 
super symmetric and conformal isomonodromy problems. Actually, the previous three- 
singularity sections are necessarily Hypergeometric functions, which are conformally 
covariant under the SL(2, C) projective transformations of the w-plane, and thus can 
be represented by (quasi)-primary conformal fields |§. On the contrary, the general 
supersymmetric sections with (3 + Nf) singularities are shown to be non-covariant 
under SL(2, C), and thus cannot correspond to conformal blocks. It remains an open 
question whether the supersymmetric isomonodromy problem can be characterized by 
an infinite-dimensional covariance. In Appendix C, we recall some general relations 
among isomonodromy, integrability and conformal symmetry, which complement the 
analysis of Section 4. 

In conclusion, we believe that it is interesting to investigate the relations of the 
Seiberg-Witten theory with other isomonodromy problems which are not conformal 
in general, like the topological field theories |]l6f| , the matrix models and quantum 
Liouville theory JET). Actually, a relation with the topological theories has already 
been suggested in the Refs. fl"8|l [flQfl : starting from the supersymmetric effective action, 
these Authors found an analogue of the fusion rules of the topological fields, which 
satisfy an associativity condition similar to the one discussed here and encode common 
isomonodromic properties. 



2 Braiding and Fusing of Monodromies and Their 
Identities 

2.1 Representation of the Monodromy Group 

We begin by introducing our notation for describing the monodromies. Let us first 
consider the Nf = 0, SU(2) theory for simplicity, whose section (od(w), a(u)) has 
two singularities located at U\ = Aq and U2 = — Ao- We can represent the section by 
a two-dimensional vector a = (ao,a) and the monodromy transformation by matrix 
multiplication: 

^ ^(e 2 " i (u-u i ) + u i ) = M i ^ a ° j , £ = 1,2 . (2.1) 

The corresponding transformation of the vector of magnetic and electric charges n = 
(n m ,n e ) is by right multiplication n — > nM" 1 , such that the BPS mass formula 
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Z = n • a in Eq.( |1.6|) remains invariant. We recall from Ref.0] the monodromy 
matrices 0: 

which satisfy the relations, 

■\h-\ir = M 2 M l = M OQ , Moo = ( ~ X "* I = Mf» . (2.3) 




These non-Abelian monodromies depend on the position of the base point for the loop 
and on the location of the cuts. As explained in Ref . |L2| , the analytic continuation of 



the section (a D ,a) depends on the Riemann sheet of u ~ Ui in Eq.( |2.1D : for example, 
there are two possibilities M 2 and M 2 > for the second singularity, due to presence of 
the cut emanating from the first singularity. In principle, one should keep track of 
the Riemann sheets when composing the monodromies. 

Our representation of the monodromies is shown in Fig.(Q): the two elemen- 
tary loops of Fig. (^|a) can be associated to the monodromies M\ = Mi(z ) and 
M 2 = M%(zo), because they reproduce M^ = M 2 M\ by composition; similarly, the 
monodromies M\ and My = M2(z' ) correspond to the loops in Fig.(|2|b). Our graphi- 
cal rules do not faithfully reproduce all the analytic properties of the Seiberg-Witten 

^ In the normalization valid for Nf > 0]. 
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z z o 
(a) (b) 

Figure 3: Changes of patch 



section, but will be sufficient to describe the monodromy group and the braiding 
and fusing operators; they are inspired by the previous analysis of Chern-Simons 
monodromies in a "singular gauge" p0| : 

• We use a single plane with cuts, which corresponds to an initial, conventional 
choice of the Riemann sheet, i.e. of the patch and its monodromies; 

• We can imagine that all the non-trivial monodromy is concentrated at the 
crossings of the path with the cuts: this could be obtained by an analytic 
reparametrization of the u coordinate, which leaves the monodromies invariant 

0; 

• The monodromies are invariant if the base point is moved in the plane without 
crossing a cut; 

• The monodromies with fixed base point are invariant under the motion of the 
singularities: the deformed paths following them can cross a cut but not a 
singularity. 

In Fig|| we use these rules to deal with: (a), the change of base point; (b), the 
motion of the singularity (2) through the cut of (1). In order to compare M 2 with M 2 i, 
we imagine to move (2) in Fig.(FJa) above the cut of (1): since M 2 (zq) is invariant, we 
find that 

M 2 (z ) = M X M*M\ ; — ► M 2 , = M : '.Uj.U, , (2.4) 

which is in agreement with (|2.3| ). Fig.(^b) describes the opposite motion of (2') going 
above the cut of (1), and shows that the singularity (2) can be obtained by "dressing" 
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(2'), which amounts to the conjugation ( |2.4j ) again. Finally, we choose to send all the 
cuts to infinity along the same direction; in this case, is independent of the base 
point. 



2.2 Braiding and Fusing Operators and "Duality" Identities 

Let us first consider the Nf = 1, 577(2) theory as an example; the properties of 
the Seiberg-Witten solution have been analysed in Refs.|ll[ |12|], which contains some 
useful background. The elliptic curve is: 

A 3 A 6 

y = x — ux +m — x . (2.5) 

y 4 64 K J 

This determines the Seiberg-Witten section (od(iz), a{u)) by u-integration of the 
Abelian integrals, 

da v2 / dx dan \[2 / dx 

du 8tt J~ n y ' du 8n J 12 y ' 

and by matching with the known asymptotics. The singularities in the w-plane occur 
when one period ji vanishes and are given by the zeroes of the discriminant of the 
curve0 (U): 

A (it) = 8 U 3 - u 2 m 2 - 9um + 8m 3 + — J . (2.7) 

The singularities for m = are located at u — (uoe ln ^ 3 , — uq, uoe~ i7r//3 ), with uq = 
3/4 1 / 3 . When the mass is switched on, their motion in the u-plane is shown in 
Fig.(|]): for real positive mass, (case (a)), the singularities (1) and (3) fuse together 
at u = u c = 3 and m = m c = 3/2, and then split again and move on the real axis. 
The (u c , m c ) point describes a superconformal theory, which has been discussed in the 
Refs.[|TTJ. After the split, one singularity approaches the value u ~ m 2 for large m, 



which corresponds to the weak-coupling quark singularity. The other two singularities 
asymptotically become those of the Nf = theory: actually, after matching the 
A-parameters by Aq = mA 3 , their position tends to u — ±Aq. This motion of 
singularities satisfies the expected "renormalization-group flow"Q from the Nf theory 
to the (Nf — 1) theory when one quark becomes very massive and decouples. Note, 
however, the rather unusual presence of a critical point at finite bare mass, whose 
origin will be explained later. 

" Hereafter, we shall often use the normalization Nf = 8. 
** Actually, this is the explicit tuning of a parameter. 
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(a) 





(c) 



Figure 4: Motion of the three Nf = 1 singularities in the -u-plane: (a), Arg(m) = 0; 
(b), Arg(m) > 0; and (c), Arg(m) < 0. 
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Fig. (^b) shows the motion of the singularities for m growing along the ray Arg(m) = 
7r/6 ( Fig. 1 (c) is the case Arg(m) = —tt/G ). Here one sees that the trajecto- 
ries of the singularities (1) and (3) cross each other before approaching the decou- 



pling asymptotic configurations u = ±ymAf and u = m 2 , on the asymptotic rays 
Arg(u) = Arg(m)/2 and Arg(u) = 2Arg(m), respectively. These trajectories cor- 
responds to an exchange of the singularities, which pass by the crossing point at 
different m values. One can see that the singularities braid clockwise or counter- 
clockwise for Arg(m) > and Arg(m) < 0, respectively. Note also that the braiding 
and fusing of other pairs of singularities similarly occurs for 7r/3 < Arg(m) < tc and 
—7i < Arg(m) < — vr/3, due to the Z3 symmetry of the m = theory. 

Similar braidings and fusings of the singularities of an holomorphic section have 
been analysed in conformal field theory by Moore and Seiberg ||. They were able 
to define the operators which specify the analytic continuation and the fusion of the 
fields in the conformal blocks, respectively. Here, we do not have a representation of 
the Seiberg- Witten section in terms of "fields" (see however Section 4); therefore, we 
shall describe the simpler braiding and fusing operators acting on the monodromy 
matrices themselves. 

In the theories with massive quarks, the monodromy transformations acquire an 
additive term proportional to the mass [|TJ; for the sake of simplicity, we shall first 
discuss the monodromies of [dajj/du, da/du), which do not have this term. Let us also 
recall from Ref.[|T2"f the general formula for the monodromy around the singularity 



caused by k BPS states with charge n = (n m , n e ) becoming massless: 

(1 + n e n m k nik \ 
-n z m k 1 - n e n m k J 

These are the "elementary" monodromies, made by the analytic continuation along 
a small loop near the singularity. The following properties: 

A4(n m ,n e ) = Mfe(_ nm _ ne ) = M k/e 2 {enm/ns) , M k(n m ,n e ) = M -k(n m ,n e ) , (2.9) 

imply a one-to-one correspondence between monodromy matrices and charge vectors 
n for n m < 2, as in the present theories. We also need the general formula for the 
conjugation of monodromies: 

M (n m ,n e ) -> M k(n' m ,n' e ) M {n m ,n e ) ^4«,<) , 

(n m ,n e ) -> (n m ,n e ) + (n' m ,n' e )k [n m n' e - n e n' m ] . (2.10) 

This shows that the monodromies of "mutually local" particles (n x n' = 0) commute 
among themselves. 
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A convenient choice of patch for the Nf = 1 section is shown in Fig.(|5]a), following 
our previous conventions. The elementary monodromies around the three singularities 
can be carried to a common base point located in the bottom right corner of the figure; 
their values are J[]: 

M 1 = M (li _ 1} , M 2 = M (ljl) , M 3 = M (1)0) . (2.11) 
The composition giving the monodromy at infinity is, 



M 2 M 3 M, = M£> = I I, (2.12) 




as it can be easily recognized from the order of the cuts at infinity. Let us recall 
that the values of the electric charge are patch dependent, due to the phenomenon 
of "democracy of dyons"Q: any other choice of three consecutive values in Eq. (|2.11 



would be equivalent by rotating the #-angle, i.e. Arg(u) at infinity. It is important 
to keep this arbitrariness in mind when comparing different results in the literature. 

Let us now describe the transformation of the three monodromies ( |2.11|) corre- 
sponding to the counter-clockwise exchange of two singularities in (Fig.(^c)) 
(Arg(m) < 0). As shown in Fig.(|5]a), the singularity (1, —1) crosses the cut of (1,0) 
and goes into another Riemann sheet. This can be taken into account by deforming 
the cut and dressing the singularity according to Fig.(|5|b): the result is a new elemen- 
tary monodromy around this singularity, Fig.(|5|c), as seen in the original Riemann 
sheet, and from the same base point. This is obtained by the conjugation: 

M ( i _i) -> M^M^M^ = M (0 ,i) . (2.13) 

Therefore, the massless dyon has become a massless quark. Next, Fig.(|5]d) shows 
the configuration which should be attained for the decoupling of this massive quark: 
its cut should go to infinity as well, such that the moduli space at finite u (A ~ 
u <C m) only contains the singularities and the cuts of the Nf = theory in Eq. fl2.2|) 
and Fig. (§a). This requires a further conjugation of the singularity (2), yielding 
n 2 = (1,1) — > (1,2). In conclusion, the quark decoupling is characterized by the 
following relation between the singularities at infinity in the two theories: 

M« = M m M (1>2) M {1)0) = M quark Mi? . (2.14) 



The two characterizations (|2.13|) of the same singularity as a dyon and a quark 



pertain to different Riemann sheets, and there is no discontinuity in the physics. 



tf 



See Ref.[^l| for a complete discussion. 
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(1,-1) 




Within each patch, it is possible to vary smoothly u from a given point (e.g. the 
base point), reach any singularity and find that a certain BPS state is massless there. 
The discontinuity is found when comparing the two asymptotic behaviours, m ~ Ai 
(in the strong coupling region) and m ^> A% (in the weak coupling region): these 
are necessarily described by two different Riemann sheets due to the topology of the 
motion of the singularities and the cuts. Actually, if we stay always in the same patch, 
we find that the cuts get tangled and, asymptotically, it becomes impossible to reach 
smoothly all the singularities from a common point. Therefore, the motion of the 
singularities implies an asymptotic change in the charges of the massless particles, 
due to the necessary changes of patches; this is a rather remarkable consequence 
of the physics being described by a multi-valued holomorphic function. Moreover, 
upon breaking the N = 2 supersymmetry to A^ = 1 pj, this property verifies the 
equivalence of the confinement phase (monopole condensation) and the Higgs phase 
(quark condensation) in gauge theories with quarks in the fundamental representation 

The counter-clockwise exchange of two singularities in Fig.fl^a,b) can be associated 
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1 2 



1 2 



Figure 6: Braid operators and aL . 



with one of the braid operators cr^, i,j = 1,2,3, which act in the tensor product 
V\ ® V% Cg) V 3 of vector spaces of the matrices Mj e V^: 



(2.15) 



The clockwise exchange occuring for Arg(m) > (Fig.(£|b)) yields another operator: 

\ 





f Mi ^ 




f M3M1M3- 1 \ 


0"13 


M 2 




M 2 




I m 3 y 




I M 3 J 



a 



13 





/ 


M 2 




v m 3 y 


V 



Mi 
M 2 



(2.16) 



These two inequivalent operators are depicted in Fig.(|G]), in the standard notation for 
braids, and are actually related by a[ ■ 



{(Jji 



(Note that the indices are associated 
to the threads in our notation). The yield a representation of the braid group £> 3 
in the space of monodromy matrices, and satisfy the Yang-Baxter identity, 



C"23 CT13 0"l2 — C"l2 Cl3 C"23 , 



(2.17) 



which states the associativity of braids, as shown in Fig. (]?]). The required one- 
dimensional ordering of monodromies can be recognized from the position of the 
cuts as they cross the u — > 00 circle. 

The fusion of two singularities, occurring for Arg(m) = 0, Fig.(|4]a), can be sim- 
ilarly associated to the fusion operator, which is a mapping / 3i : V\ ® V 2 <g) V3 — ► 
V31 ® V 2 : 

( M i \ I \ 
, 1 / M 3 Mi \ 

fn M 2 = ' , (2.18) 

V M 3 / V / 

where the ordering in the product M c = M 3 Mi is determined by the invariance of 
Mqo. An analogous fusion operation has been defined in conformal field theory |9j 
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1 2 3 



1 2 3 



Figure 7: The Yang-Baxter identity. 

and has been shown to satisfy an associativity condition with the braids, known as 
the Pentagonal identity. In our context, this reads: 

0"23 fl2 = fl2 Cl3 C"23 , (2.19) 

and is depicted in Fig.(g). Actually, this is satisfied by our operators and /y. 
The fusion ( p,18| ) produces a new type of singularity, whose monodromy does not 
belong to the BPS family ( ^.8[ ): it satisfies Mj} = — 1 and thus corresponds to a 
power law singularity u a with exponents a = ±1/6. This scale invariant behaviour is 
characteristic of a superconformal theory, which occurs when two or more mutually 



non-local particles become simultaneously massless |nj . After fusing, the singularities 
split again into a quark and a monopole ones following the usual decoupling pattern, 
M c = M( 0i i)M( li0 ). In this case, there is a true discontinuity in passing from the patch 
(m ~ A) to the asymptotic one (m — > oo). Let us remark that the fusion is a necessary 
consequence of the discontinuity of braiding when the mass is varied continuously from 
Arg(m) > to Arg(m) < 0. This mathematical consistency implies the presence of 
the strange critical point in the moduli space along the real trajectory < m < oo; 
therefore, this is a peculiar physical consequence of isomonodromy. 

The corresponding analysis of braiding and fusing in the Nf = 2,3 theories is 
described in Appendix A: it confirms the properties of the braid operators discussed 
here, and describes the interesting patterns of quark decouplings with the associated 
superconformal points. 
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1 2 3 



1 2 3 



Figure 8: The Pentagonal identity. 



2.3 



Complete Monodromies and Pseudo-Baryonic Quantum 
Numbers 



The complete monodromies of (od, a) contain the additive term S/=i (to/j Qf) m f/V^, 
with qDf,Qf £ Z/2, which is due to the poles occurring in the Abelian differential 
after their integration in u [p]]. These affine transformations can be represented in 
matrix notation as follows: 



a D 
a 

V rn f /V2 J 



( 



M 



\ 



a D 
a 

\ m.f/y/2 ) 



M 












( 



\ 



a D 
a 

V m f /V2 J 



(2.20) 



The matrix M. acts on the complete vector of quantum numbers n = (n m , n e , Sf) by 
n — ► hM -1 , as before. As discussed by the recent literature |]2"2fl pi|] , the pseudo- 
baryonic charges {sf} differ from the true baryonic charges {£/}, due to the mixing 
of the explicit mass terms in the BPS formula with analogous pieces coming from 
cld(u, TUf). The baryonic charges have been computed by independent semiclassical 



methods in Ref. ||21|| , while the pseudo-baryonic numbers are important missing data 
for the mass spectrum. In order to control these possible shifts by mass terms, the 
normalization of a D (u,rrif) should be better specified, such that the {s/} become 
unambiguous: we adopt the following decoupling condition, 



lim 



it; mi, 



, m, : , 



.) = sS N f !) («; mi, • • • ,rfii, . . .) 



(2.21) 



with i £ (1, ...,/); this gives a recursive definition of sS N ^ = (an, a)^^ in terms of 
the well-defined aS°\u). Note that this limits also implies the matching of patches 
between the two theories at quark decoupling, as in Fig.(||d). 
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The determination of the complete monodromies ( |2.20| ) requires the explicit ex- 



pression of the Seiberg-Witten section [ 23 ] [ 24 ] [ 25 , whose analytic continuation is 
rather difficult, in general. It follows that these monodromies, as well as the {s/} 
numbers, have not been completely found in the literature [^5jQ. m ^ ne following, 
we shall determine the complete Nf = 1 monodromies by using the braiding and 
fusing identities as equations. The corresponding analysis for Nf = 2,3 is given in 
the Appendix A. The inputs for these equations are: 



The known SL(2, Z) monodromies (|2.11| ). 



The full monodromy of the quark singularity a ~ — e m /■s/2 , e = ±1, which 
can be deduced at weak coupling from the one-loop calculation |J: 



M 



(0,1,6) 



(1 1 e\ 

1 
U 1 j 



±1 . 



(2.22) 



Note that the sign ambiguity e is odd under the parity P : a — > —a; it is a 
residual gauge invariance in the moduli space which will remain undetermined: 
it corresponds to the choice of the square-root branch cut for a ~ ±^/u — > oo. 



• The matching of the Nf monodromies with the (Nf — 1) ones at quark decou- 
pling; in particular the affine terms vanish for Nf = 0. 

We write the full monodromies at strong coupling, Fig.(|]a), as M.(i-i >r ), M.(i,i, s ), 
•M(i,o,t)5 leaving their affine terms unknown, and plug them into the previous braid 
relations, Eq. (|2.13|) and Fig.(^|d): 



• /vl (o,i,e)- /vl (i,i, 

The unique solution is: 

/ 1 e \ 



M (lfi,t) 


= M( ,l,e) 


(quark 


monodromy) , 


•^(0,1,6) 


= 


(JV> = 


no affine term) 


M {lt0>t ) 


= 


(N f = 


no affine term) 



-l,r) 



-1 2 e 

V o o ij 



( 2 



s) 



-1 e 
V 1 / 



o,t) 



(2.23) 



( 1 °\ 

-110, 

V o o i) 

(2.24) 



M Note, however, that it is possible to identify {s/} = {Sf} by choosing a boundary condition for 
a D 

M. 



different from ( [2.21 ), and then use the independent semiclassical determination of the {Sf} 



17 



which yields the following monodromies at infinity and at the critical point, 



\ 



-1 3 
-1 






1 / 



= M ilA t)M { 



I 

-1 
V o 





1 / 



(2.25) 



Note that two further sets of identities (|2.23|) can be written for the other, Z3- 
symmetric quark decouplings, but they are automatically satisfied by this solution. 
The results in this Section have been compared with the literature [Pfifl p5[ p2| |2Tf . 
when available; moreover, My and A^(i,i )S ) have been checked by explicitly comput- 
ing the Seiberg-Witten section at the critical mass in Appendix B. 



Next we discuss some simple physical consequences of the result ( [2.24| ),( [2~2"5|) . 



Following Ref.||12||, we can constrain the values of the {s/} charges in the BPS spec- 
trum by enforcing its invariance under the spectral flow at weak coupling. Namely, 
any weak-coupling dyon state n = (1, n, s), with n G Z and s unknown, should map 
into another one under the monodromy at infinity, corresponding to a rotation of the 
6*-angle by three periods plj : this reads (1, n, s)A4~^ = — (1, n + 3, — s — e). This 
flow closes on the following two sets of dyons: {(1, 2n, s)} and {(1, 2n + 1, — s — e)}, 
n G Z, with s still free. This is fixed to be s = by the further condition that the 
dyons with even electric charge should survive in the Nf = theory as m — >• 00. In 
conclusion, the complete Nf = 1 spectrum is: 



l,2n,0) 



X2n 



nGZ 



Thus, the pseudo-baryonic charges in the previous Eqs.( p.23"|) are r 
t = 0. 



(2.26) 



-e and 



Further remarks concern the behaviour at the critical point. The Seiberg-Witten 
section is found to be (ap, a)(u c ) = (0, — e m/\/2) by requiring that the BPS mass of 
the two particles (1, 0, 0) and (1, —1, — e) vanishes at this point. One verifies that this 
value of the section is a non-trivial fixed point for the monodromy A4 C in Eq. ([2.25|) , as 
it should.^] Moreover, a non-vanishing value implies that the bosons n = (0, ±2, 0) 
remain massive at this point, my/ = m 2 , i.e. there is no restoration of the non-Abelian 
gauge symmetry 

Finally, we determine the weak-coupling spectrum of the Nf = 2,3 theories. We 
use the corresponding monodromies at infinity computed in Appendix A, Eqs.( [A.^JA.9| ), 
and we get the spectra of dyon charges {(n m , n e )} from Ref.0. We then find the spec- 

' Note, however, that ^ 1, i.e. the complete monodromies no longer represent SL(2,Z). 



18 



tral flows: 

M® : (l,n,s l ,s 2 ) — ► (l,n + 2,-e- Sl ,e-s 2 ) , (N f = 2); 

.M^ : (l,n, si, s 2 , S3) — ► (l,n + 2,-e- S!,e- s 2 ,e- s 3 ), (Nf — 3); 

(2,2n + l,s 1 ,s 2 ,s 3 ) — > (2,2n + 3,-2e-s 1 ,2e-s 2 ,2e-s 3 )- 

(2.27) 

Let us first discuss the Afy = 2 spectrum. The spectral flow maps even (odd) charge 
dyons within themselves; since a tower of even dyons should survive when rri\ or m 2 
go to infinity, the set {(l,2n, 0, 0)} should exist. Then, the other set {(1, 2n, — e, e)} 
should also exist by consistency of the flow. Therefore, we find that the even dyons 
are (at least) doubly degenerate with respect to their electric and magnetic charges. 
Similar conditions of flow consistency and (Nf = 1) matching can be applied to the 
odd dyons, which also come in pairs. The Nf = 2 spectrum is thus found to be: 

(1,2„,0,0), (l,2, !+ l,- f ,0), 
(l,2n,-e,e) , (l,2n+l,0,e) , 

Note that the symmetry under flavour permutation is achieved up to a gauge trans- 
formation e — > — e. Actually, within our choice of patches, the decoupling of the two 
quarks is associated to the monodromy decomposition JA@} = .M(o,i,e,o) A^(o,i,o,e)- 
This shows that the permutation of the quarks requires a non-trivial conjugation 
which changes the sign of e. 

Next, we perform a similar analysis for the Nf = 3 dyon spectrum at weak cou- 
pling. There are dyons with one unit of magnetic charge which turns out to be 
four-fold degenerate, and, moreover, dyons with two units of magnetic charge, which 
can be consistently taken non-degenerate. One finds the spectrum: 

(l,2n, 0,0,0) (l,2n+l,-e,e,e) 
(l,2n,-e,e,0) (1, 2n + 1, 0, 0, e) 

n G Z , (Nt = 3 , 

(l,2n,-e,0,e) (l,2n,0,e,0) 1 

(l,2n,0,e,e) (1, 2n, -e, 0, 0) 

(2,2n + l,n,r 2 ,r 3 ) (2.29) 

where the pseudo-baryonic charges ri,r 2 , r 3 7^ of the n m = 2 dyons remain practi- 
cally undetermined. Let us add a few remarks: (i) The degeneracies of the Nf = 2,3 
spectra nicely match the dimensions of their flavour multiplets in massless limit 
[fUl [fL2f p6f ; (ii) The purely electric states of quarks (0, l,±e, ...) and W ± bosons 



(0, ±2, 0, . . .) are always present in these spectra: they are fixed points of the spectral 
flow, as they should, and their Sf number are not constrained, but are nevertheless 
known semi-classically. 
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In conclusion, the complete affine monodromies have been easily found by enforc- 
ing the braiding and fusing identities. These data of the SU{2) theories allow an 
(almost) complete determination of the weak coupling spectra and their behaviour 
when one or more quarks decouple. The BPS states at strong coupling are a sub- 
sets of the weak coupling spectra, with unchanged quantum numbers, which can be 
determined by the stability analysis of Ref . [p5 1 . 



3 The Analytic Isomonodromy Problem 

In the following, we prove explicitly the isomonodromy of the Seiberg-Witten section 
in the simplest non-trivial case of three singularities at finite u, corresponding to Nf = 
1. The original approach to the isomonodromic problem |14j] is based on the study 
of the Fuchsian second-order differential equations, which can describe holomorphic 
sections with two-dimensional monodromies. We shall apply this framework to the 
second-order equation obeyed by (da£)/du,da/du): its components are given by the 
period integrals of the first and second Abelian differentials TEi = § dx/y, H 2 = 
§ xdx/y, respectively, where y(x) is the elliptic curve (|2.5| ). They satisfy a system of 
first-order differential equations, which are called the Picard-Fuchs equations: 

cffli Pu(u) Pn(u) 

du A(u) 1 A(u) 2 ' 

dU 2 V2i(u) V22(U) 

du A[u) A[u) 

where the Pij{u) are polynomials in the coefficients of the elliptic curve and their 
derivatives [|13|| . Their explicit form in the Nf = 1 case is, in the notation of the 
previous Section, 



Pn( u ) = —P22{u) = —4:U 2 + 4um 2 + 6m , 

Pi2(u) = 6u — 8m 2 , 

P2i( u ) — — 16mw + 16m 3 + 18 , 

A(u) = 8 m 3 - m 2 u 2 - 9mu + 8m 3 H ) 



4 J 

= 8(u — ai){u — a 2 ){u — a 3 ) . (3.2) 

Note that we introduced the notation ai, a 2 , a 3 for the three singularities in the moduli 
space. It is convenient to fix two of them, say cti and a 2 , to the points (0, 1) by using 
the SL(2, C) transformation u — >• z = (u — ai)/ (a 2 — ai). 
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The system fl3.1|) is equivalent to the following Fuchsian differential equation in 
the variable z: 



2 



h ~ q{z) 



where the "potential" q(z) is, 



y(z) = 0, y(z)=p(z)^, (3.3) 

dz 



11 1 

<l( z ) = -77^-77 772 - 77 772 + 



4z 2 4(z-iy 4(z-f) 4(z-77) 

+ A + J?2_ + J^ + A 



r ( lt )^,^ +i ^_ ) (35) 



Z Z — 1 -2 — ^ 2; — 77 

as-fl! _a 4 -ai _4 2 

with 4 = , 77 = , a 4 = -m . (3.4) 

<i2 — ai 02 — Qi 3 

This equation has four regular singularities in 0,1, £ and 00. Moreover, one finds 
another one at z — 77, but this does not actually correspond to a singularity of the 
solution y(z). This is the so-called apparent singularity, a characteristic feature of 
isomonodromy |14] |: actually, a simple counting argument shows that the Fuchsian 
equation with only physical singularities would not have enough parameters for al- 
lowing the monodromy matrices to be independent of the singularity positions. The 
effective coupling constant, 

dan e fi(u) . 8tt 
da Ti 9es( u ) 

is given by the ratio of the two independent solutions of the Fuchsian equation; 
moreover, its Schwarzian is proportional to the potential: 

q(z) = - 1 -{r,z} , {r, z} = T — -\C~) ■ (3-6) 

A simple consequence of these formulae is that r'(rj) = 0, namely the apparent sin- 
gularity is actually a saddle point. 

The coefficients /3j in (|3.4| ) are called the accessory parameters; their expressions 
for the Seiberg-Witten solution can be obtained from the previous formulae: 

13 _ 131 _5_1 J_?7 
m,V) ~ 36 36£ + 12 + 12 f ' 



13 13 1 5 1 1 77 



36 36£-l I277-I 12 £-1 



13 1 13 1 5 1 1 77 - 1 It) 
fU^V) - 36JI + 36^ _ 1 + 1277 — ^ + 12^ — 1 ~ 12 £ ' 

= -^(- + ^-1 + ^-7) ■ ( 3 - 7 ) 

12 V 77 77-1 77 -£) 



21 



Moreover, the movable and apparent singularities, respectively £ and T], are not in- 
dependent in this solution, which has a single parameter m. Their relation can be 
obtained by analysing A(a^) in (|2.7|) as a function of the singularities a^, together 



with the derivatives A' (04) and A" (04) . By comparing these polynomials, we find 
the relation: 

(v 2 -0 2 - Vfo-l)fo-O = 0. (3.8) 

Let us now discuss the conditions for isomonodromy of the solution y(z) or, equiv- 
alently, of t(z). In the general Riemann-Hilbert problem, the accessory parameters 
77) are not known, because the behaviour of y(z) near the singularities only deter- 
mines the second-order poles in the Fuchsian equation. Moreover, the motion of the 
apparent singularity rj as a function of £ is also unknown. The conditions of isomon- 
odromy provide a sufficient, although rather involved, set of differential equations for 
these unknowns, which we shall briefly review |14|]. Afterwards, we shall check that 



these conditions are satisfied by the Seiberg-Witten solution. 

The monodromy transformation of t(z) does not depend on £ (or equivalently on 
m); thus, the quantities dr/d^ and dr/dz must have the same monodromy, and their 
ratio must be a meromorphic function A(z). This implies an auxiliary equation for 

y ~ da/dz: 

dr , , ,dr dy , , . dy „ . , . 

- = A(z)- > f = A{z)f + B(z)y , (3.9) 

a£ dz d£ dz 



Next, we require the compatibility of this equation with the Fuchsian (3~3): this 
determines, 

Moreover, it yields four first-order differential equations for the in the rj and £ 
variables and a relation between f3± and drj/d£. These differential equations admit 
three first integrals: one of these amounts to the condition for a regular singularity 
at infinity, 

EA = o. (3.11) 

i=l 

Another integral determines the second-order pole at infinity, 

P2 + M + f3iV = -\ , (3-12) 

and the last one forbids a logarithmic behaviour of the solution near the apparent 
singularity z = rj. This condition implies: 
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These three algebraic conditions can be used to reduce the system of four differential 
isomonodromy conditions to a single non-linear differential equation for r/(£), which 
is the Painleve VI equation, 




+ 2 ^-l)(„-fl • (314) 

Note that the parameters of this equation have been set to the specific values of this 
problem. 

We now verify that the (Nf = 1) Seiberg-Witten solution satisfies these analytic 
conditions of isomonodromy. Indeed, the coefficients (P-7|) deduced from the 

Picard-Fuchs equations can be shown to fulfil the first integrals (|3.11|JTT2 . p.l3 ); in the 
third equation, one should use the polynomial relation for t)(£) ( ft.8|) . Furthermore, 
this relation is also found to be a rather remarkable complete integral of the Painleve 
equation. This concludes the proof of isomonodromy. 

As discussed in the Introduction, this property is rather intuitive, because the 
Seiberg-Witten section is specified by an elliptic curve (|2.5|) , whose parameters can 
be continuously deformed. Nevertheless, it is nice to have a complete analytic proof. 
Moreover, the first-order differential equation in the mass parameter ( |3.9| , |3.10| ) is a 
new result of this Section: this is an auxiliary equation for the Picard-Fuchs sys- 
tem (|3.1|) which expresses the isomonodromy property; similar equations also exist 
for the Seiberg-Witten solution with general gauge group and may have important 
consequences (see Ref.0 in this respect). 



4 Isomonodromy and Conformal Blocks 

In Section 2, we have shown that the Seiberg-Witten holomorphic sections support 
braiding and fusing operations which are similar to those found by Moore and Seiberg 
for the conformal blocks of rational conformal field theories 0. In this Section, we try 
to express directly the Seiberg-Witten sections as the blocks of a suitable conformal 
theory. Clearly, the conformal blocks are meant to be an operator representation for 
the holomorphic sections - the two-dimensional fields do not carry any immediate 
physical meaning. 

Is there a general correspondence between isomonodromy and conformal symme- 
try? On one hand, all the conformal blocks yield isomonodromic holomorphic sections. 
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This is a consequence of: (i) the locality of the operator product expansion of the con- 
formal fields, and (ii) the (generalized) Fuchsian differential equations satisfied by the 
blocks, which originate from the chiral algebra in the rational conformal field theory. 
On the other hand, isomonodromic sections might be non-conformal invariant, yet 
being analytic: an example is given by some correlators of the two-dimensional Ising 
model off-criticality ||. However, there is more to say on this subject; in Appendix C, 
we recall some known results on the relations among isomonodromy, integrability and 
conformal symmetry f)] ||27|| . For the sake of simplicity, let us postpone this general 
discussion and proceed to present an explicit correspondence. 

Let us try to express (dan/du, da/du) in the simplest cases of two singularities at 
finite u. These are the Nf = section and the Nf = 1, 2, 3 ones at the mass values 
where (Nf + 1) singularities merge in a maximal superconformal point (Nf, 1) (TT| 
(these are computed in Appendix B). We compare them with the four-point conformal 
blocks of the Virasoro minimal models [|J, 

F p (z) = (<Mz)0 2 (O)0 3 (l)<Moo)) p , P = 1, 2 , (4.1) 

where z = (u—ai)/(a 2 —ai) is the usual rescaled variable (Re (a 2 — a x ) = (a 2 — ai) < 0); 
the dimensions of the fields and central charge are: 

c( P , p>) = 1 - , h rs = W - *P) 2 - (P ~ Pf . (4 .2) 

pp' App' 

The two-dimensional monodromies imply that the field <pi(z) has two-dimensional 
operator-product expansion with the other fields: this identifies 0i = 0i )2 , i.e. (r, s) = 
(1,2) in the Kac table ( [4.2|) ; the other fields should form a closed operator-product 
subalgebra with 12 , and then belong to the set {(1, n), n = 1, 2, 3, ..}. For example, 

01,2^)01^(0) = zh J +hin (A n -Vi,n~i + ^ 1 " l+1 0i,n+i) + regular . (4.3) 

This operator-product expansion should reproduce the singular behaviours of the 
Seiberg-Witten section, which are logarithmic at infinity, 

Mz)M°°) ~ z- 1/2 (l + log(z)) + ... , (4.4) 

and at z — 1, 

0i(*)0 3 (l) ~l + tog(*-l) + ••• • (4.5) 

At (z = 0), the behaviour is again logarithmic for the Nf = section, while it is 
a power law for Nf = 1,2,3, due to the superconformal symmetry, with exponents 
(±1/6, ±1/4, ±1/3), respectively (see Appendix B for more details). 



24 



The logarithmic behaviour is rather unusual in conformal field theory, but it is 
nevertheless possible for the non-unitary "logarithmic" theories c(l,p'). As explained 
in Ref . JD| , a logarithmic operator-product expansion is obtained when the two fields 
appearing in the r.h.s. of (|4.3|) have the same dimension: 

h ljn -i = h >n+1 — ► c = c(l,ra). (4.6) 

Actually, the theory c(l,p') may contain more than one pair of degenerate dimensions, 
but only the pair (0iy_i, (j>iy+i) is obtained by the 4>i,2 operator product expansion. 
Furthermore, a purely logarithmic behaviour (|4.5| ) would require /^1,2 + ^iy = ^i, P '-i? 
which is impossible. Nonetheless, this can be cured by adding a power law prefactor 
to the conformal blocks. Next, we compare the explicit form of the Seiberg-Witten 
section with the general expression of the minimal conformal blocks given by the 
Dotsenko-Fateev Coulomb gas. Actually, in Section 3 of Ref. [[LCj , an Euler-type inte- 
gral representation of the four-point block (0 n ,m0i,20i,20n,m,) is given, together with 
its Hypergeometric expressions. 

Let us first consider the Nf = theory. From Ref.Jl]], we obtain, 
da ° -iFdlnz 




dz V2'2 

— = — (1 - z) a F -, -, 1; , (4.7) 

dz 2 V ' V2' 2' ' l-z) ' v 1 

where z = (1 — u)/2. By matching dajyjdz with the parameters in the Dotsenko- 
Fateev expression, we find the unique identification with the following blocks of the 
c(l,2) = —2 minimal model: 

(M^m^M^k , c = c (l, 2 ) = -2 (JV> = 0). 
(z(l - z)z 4 ) 1/4 1 

(4.8) 

Note that the prefactors cancel out in the representation for the effective coupling 
constant r = dap /da as a ratio of two blocks. 

The Seiberg-Witten sections of the Nf = 1,2,3 theories at their critical mass 
values, given in Appendix B, Eqs. (|B.lT , [B.4j , [B.ll"|) , can be similarly represented by the 
blocks involving a pair of 0^2 fields and another 0i jn pair. One finds: 

AT , ( da D da\ (<M^)<MO)<Ml)0i2(oo)) p 

N f = 1: (-7T>— ) ~ TTTTTl 77773 > c = c(l,3) = -7, 
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dan da\ 

J 


(013 ( 


»01 3 (O)012(1)01 2 (OO)) P 


dz ' dz J 




21/2(1-3)1/3 


dan da\ 


(0U< 


»01 4 (O)01 2 (1)012(OO)) P 


dz ' dz J 




Z 7 /8(l - Z )3/8 


dao da\ 


(016 ( 


»016(O)01 2 (1)012(OO)) P 


dz ' dz J 




z 7/4(! _ 2)5/12 



iV / Z • I J~ ' A„ I ,7/8/1 -A3/8 ' C V ' / 2 

N f = -i: (^.^) ~ v ' i,,l ";T , ;;; ,, ' [2 ;;: , l ;.r l - v,/j ' . ,■ = ,•( -i.6) = -244.9) 
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Therefore, we were able to relate the analytic properties of the Seiberg-Witten theory 
with those of the conformal field theory. The Moore- Seiberg braiding and fusing 
operators acting on the conformal fields can be applied in this case for describing the 
isomonodromic properties, thus improving the analysis of Section 2. 

On the other hand, this equivalence of isomonodromy and conformal symmetry 
is only valid for the case of three singularities, i.e. the four-point blocks. We have 
not been able to represent the general Nj = 1 section as a five-point blocks of the 
logarithmic minimal models: actually, the fusion rules of (fru fields are consistent with 
the merging of singularities in critical points, and identify the fields entering the five- 
point block. However, it is impossible to match all the asymptotic behaviours with 
the corresponding operator product expansions. 

This failure can be understood as follows. In general, we know that the Seiberg- 
Witten holomorphic sections satisfy a Fuchsian equation with (3 + Nf) regular sin- 
gularities: the three-singularity solution is necessarily an Hypergeometric function, 
which transforms covariantly under the SL(2, C) regular conformal transformations 
of the w-plane, and can be represented by correlator of primary conformal fields. The 
general (3 + A/)-singularity solutions may not have such covariance: actually, their 
explicit expressions or integral representations |23] [ 25|] , and their differential equations 
show that these sections are not SL(2, C) covariant. For example, we can consider the 
representation using the Hypergeometric of argument the modular invariant function 
j(r(u)) [P^H , and find that the mapping j(u) violates SL(2, C) covariance. Further- 
more, the section of the SU(3) gauge theory has been expressed in terms of the 
generalised Hypergeometric function of two variables _F 4 in Ref . ||28|| ; this is also not 
conformal covariant because its integral representation is not of the Euler type as the 



conformal blocks fT0|j . 

A possible breaking of conformal symmetry while keeping analyticity could be 
obtained by correlators of non-primary fields, which depend analytically on dimen- 
sionful parameters. This program can be practical only if we can characterize these 
new fields by other transformation properties which replace the SL(2, C) covariance. 
In this respect, our approach can be related to other attempts in the literature \TB 
to relate the Seiberg-Witten solutions to two-dimensional topological field theories 
[ |l6|j . Actually these theories, as well as the matrix models and (quantum) Liouville 
theory |17| , are further known isomonodromic systems which do not necessarily have 
conformal symmetry. 

Finally, let us discuss the general relation between isomonodromic sections and 
conformal blocks given by the theory of holonomic quantum fields of the Refs.||. 
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These Authors have analysed the fc-dimensional isomonodromic sections in the con- 
text of the Schlesinger system of equations, which generalizes the k = 2 analysis of 
the Fuchsian equation in Section 3 (see Appendix C for more details). They have 
expressed the general isomonodromic solution as a correlator of fc-component Weyl 
fermions ^/ a (z), ^p(z), a, (3 = l,...,k, and the "twist fields" V(cti), i = 1, ..,n, 
which belong to a c = k conformal field theory The monodromy around the sin- 
gularity z = di is described by the operator-product expansion ^/ a (z)V(ai), and the 
prescribed monodromy matrix (Mj)g determines the following form of the twist field: 

V{0i) =: Vexp (- £ dy{logMi)Z ^j(y)* a (y)) : . (4.10) 

For general, non diagonal Mj matrices, this generalized vertex operator is only for- 
mally defined as a path-ordered (V) series; therefore, its conformal covariance and 
locality are not ensured. We conclude that this approach is also affected by the 
difficulty of defining the field operators encountered before. Again, this general rep- 
resentation by twist fields correlators can be useful once we understand the specific 
covariance of these fields. 
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Note Added 



Section 2 may have some overlap with the recent papers in the Refs. [ 25(1 [ 21 



we 



would like to note that our results were obtained independently, but the writing was 
delayed by other obligations. 



A Monodromies of the Nf = 2, 3 Theories 

We now generalise the results of Section 2.3 to the cases Nf > 1. As for Nf = 1, we 
vary the values of the the masses and follow the consequent motion of the singularities 
in the moduli space. We then use the braiding and fusing identities as equations for 
determining the complete monodromy matrices. 

Nf = 2 case 
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Figure 9: Singularities and cuts for the theories: (a) Nf = 2, mi = m 2 > 0; (b), 
Nf = 3, mi = 0, m-2 = = m > 0. 



When mi = ni2 = 0, there is a double singularity at u = A 2 which represents two 
massless monopoles (1,0), and a double singularity at u = — A 2 of two massless dyons 
(1,1). Their monodromies are represented, respectively, by M(i t o), -M[i \, -M.(i,i), 
A4'^ ^, such that M.^ = ^(1,1)^^ ^M.^i^AA'^ y If we switch on m 2 and make it 
growing, the two monopole singularities separate each other; one goes in the upper half 
plane and the other in the lower half plane (see Fig. (9 a)). The two dyon singularities 
separate along the real axis, one of them passes between the monopole pair and then 
goes to infinity: this becomes the massless quark singularity by the effect of the 
braiding with the lower monopole. Next, the quark cut should be rotated of — n, such 
that it points to Re(z) = +00 and disappears after decoupling, leaving the Nf = 1 
singularities in strong coupling region: this cut rotation requires a further conjugation 
of the upper (1,0) monopole with the quark, yielding (1, 0) — > (1, —1). 

The complete Nf = 2 monodromies are (4 x 4) matrices, with unknown affine 
terms, which are plugged in the previous braid relations, 

•^(1,0) "^(1,1) -^(1,0) = -^(0,1, 0,e) = Mguark 2 , 

M quark 2 M' m M^ ark 2 = M { ^l e) , (A.l) 
and are matched with the Nf = 1 monodromies in Eq.( |2.24| ), 

<fr 2) =<d>- (a.2) 
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We find the unique solution: 
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(A.3) 



where e is the same sign ambiguity of the Nf — 1 case. From these it is simple to 
find the expressions of the monodromies at infinity and at the (2,1) critical point, 
occurring for m\ = m,2 = V%: 
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Nf = 3 case 

When m x = m 2 = m 3 = 0, there are two singularities on the real axis of the moduli 
space, corresponding to four massless dyons (1,1) and a (2,1) massless dyon, respec- 
tively. Their monodromies are denoted by M-{i,i),M-\i^, ^(1,1) > M-'"\,\), such that 
= A^(i,i)A1( 1)1 )A^( / 1)1 )A^(i jl )A^(2,i)- When m 3 acquires a real positive value, a 
double singularity 2 (1,1) and the (2,1) one approach each other and make a super- 
conformal point. Afterwards, they split again with different quantum numbers, i.e. 
the one on the right has become the quark singularity. By allowing an imaginary 
part to m 3 , one can resolve this motion and actually find a double braiding of (2,1) 
around the pair 2(1,1), such that (2, 1) — > (1,0). Therefore, the braid relation and 
matching conditions to impose are: 



M 



(0,l,0,0,e) 



M 



quark 3 5 



M{ ltl) M'l^ M {2 , 1} (M'l^M'l^ 

1 quark 3 = 

Mr ,M' - M (Nf=2) M' {Nf=2) 



■M quark 3 M^l) ^(1,1) M «uar k 3 = M^f 



(A.5) 



Other braid relations can be obtained from another pattern of decoupling: by letting 
1712 = m 3 = m real and positive, a (1,1) singularity, followed by a 2(1,1) pair, move 
toward the (2,1) one (Fig 9 b); the (1,1) and (2,1) fuse into a critical point, and 



29 



/ 



then separate, going in the upper and lower half-plane, respectively. It is simple to 
see that, after the separation, the singularity going downwards is a monopole (1,0), 
while the other one is the dyon (1,1). The 2(1,1) singularity proceeds to the right 
and passes between these two; the braiding rules show that this becomes a double 
quark singularity. By decoupling these quarks to the right, there remain the N 
singularities and we find: 

= M^Mquark 2 M quark 3 . 

The corresponding braid relations and matching conditions are, 

(N f =l) 



(A.6) 



■Mquark 2 M. quark 3 quark 2 M quark 3 ) 



M {Nf=1) 
J l (i -i) 



Mm = M\ZT ] 



(A.7) 



The equation ( A.5|) and (A..7) are sufficient to determine all the affine terms for the 
monodromy matrices; the result is: 
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From these, we calculate the monodromies at the infinity and at the critical point 
(3,1): 
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which are used in the text to derive the Sj quantum numbers. 
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B Explicit Solutions at the Critical Masses 



In the recent literature, there have appeared rather explicit formulae for the Seiberg- 
Witten sections of the general massive SU(2) theories with Nf = 1, 2, 3: one expres- 
sion uses the Elliptic functions, after putting the elliptic curves in the Weierstrass 
normal form p3| |25[ ; another one is given by the Hypergemetric function with argu- 
ment the modular invariant function j{r(uj) ||24|| . These expressions depend on the 
moduli space coordinate u in a rather indirect way, such that the analytic contin- 
uations are rather difficult in general. Hereafter, we shall describe the simple cases 
in which the Seiberg-Witten section can be directly expressed in the u variable as 
an integral of the Hypergeometric function, such that the derivation of the complete 
monodromies is rather straightforward. 

These cases are characterized by the presence of only three singularities in the 
moduli space, when (Nf + 1) singularities fuse into the (Nf, 1) superconformal points 
(in the notation of Ref.(ll|]). By extending the argument of Section 3, we can argue 
that the derivative (dao/du, da/du) satisfies a Fuchsian differential equation in the u 
variable with three singularities, whose solution is necessarily Hypergeometric. We use 
the SL(2, C)-reduced variable z = (u— a\)/((ii— ai), with Re (a 2 ~ai) = (a 2 — ai) < 0, 
and put the singularities in z = 0, 1, oo. The logarithmic behaviours occur at 
z = l,oo, and the power-law singularity is found at the critical point z = 0. Its 
characteristic indices can be deduced by the corresponding monodromies matrices, 
which represent the SL(2, Z) group, in particular by the diagonalizable elements: S 
(S 2 = —1) and ST ((ST) 3 = 1) or combinations of them. Form the analysis of Section 
2 and Appendix A, we know that the critical monodromies are (-TS), S and (ST) 
for Nf = 1,2 and 3, respectively. The corresponding indices (a, b, c) of the Hyper- 
geometric function F(a, b, c; z) are (1/6, 1/6, 1/3), (1/4, 1/4, 1/2) and (1/3,1/3,2/3), 
respectively. 

To start with, let us describe the case Nf = 1. We use the following bases of 
solutions: 




Vl (l) = fciHH'F^.ljl-z) 
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1/2(1) = h(-z 

+00 (i\ i\ 



log(l-z)F(j,~,l;l-z^ 



+ 2E^T(^ (n + i)-Vi(n + l))(l-zr 



yi (0) = fc^-^F (-,-,-;*) , 

2/ 2 (o) = ^(-^(-^(111^) , (b.i; 



which have simple monodromy transformations around each point. For example, 
around z = 00 we have: 

yi(oo) -> -2/1(00) 2/2(00) -> -2/2(00) - 2«tt 2/1(00) . (B.2) 

The three solutions in ( |B.1|) are related by the linear transformations: 

1 f^(-) 2 r(i) 2 \ 



1 /n 2 -) 2 rfi) 2 

,2(00) = 2(^ 2(0) + T(|y yi(0 l 



e^2/i(l)-# (l-e^f) 2/2(1) 



2/ 2 (oo) = -JLe^ yi (l)-l(l + e^)y 2 (l). (B.3) 



V3 y±v 7 2 

In the last transformation, the upper (lower) sign refers to the case Im z > (Im z < 
0). 

The expressions for da/dz and dao/dz are linear combinations of this basis which 
satisfy the asymptotics and reproduce the expected monodromies: the asymptotics 
da/du = e/2y / 2~u + 0(u -3 / 2 ) at z oc —u — > —00 identifies da/dz = 2/1(00) with fci = 
upon using the critical value of the mass m c = 3/2 and (ai — a 2 ) = 27/4 
obtained from A(w)in Eq. fl2.7Q ; moreover, the sign e = ±1 accounts for the choice 
of the square-root for u ~ 2a 2 . The linear combination for dao/dz is determined by 
the monodromies at infinity ( |2.12j ) and at z = 0: in the latter case, one applies the 
transformation of basis ( B.3|) . The result is: 

dan 1 / N 3z > , ( \f?> m c \ 

+ 7r~ 1/2(00) , Iki = e- 



dz 2 yLK ~ J ' 2tt yzv ^ y ' V 2v/2 ; 

I = m(oo) , (B.4) 

Next, a and ao can be represented as contour integrals in the w-plane of the Hyper- 
geometric functions; the integration constant for a is determined by its asymptotic 
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behaviour at infinity. The other boundary condition is chosen at the critical point: 
a £>(0) = for any Nf. This is consistent with the choice of patches in Section 2 
and Appendix A, because od(0) = is left invariant by the action of all the critical 
monodromies. Therefore, we define, 



da 
dz — 

dz 



a D 



dap 
dz — — 

o dz 



(B.5) 



The complete monodromy matrices for (a,ar>) can be now computed as follows: one 
performs the analytic continuation of the integrand and deforms the integration con- 
tour accordingly. For the monodromy at infinity, we find, 

f° dan 



z ~ oo : 



a D 



-an + 3a — 2 



dz 



—a . 



(B.6) 



The affine terms are tabulated integrals of the Hypergeometric 29]: 
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y/3 V2 



-k ; (b.7) 



and similarly, 



dao 
dz— — 

-00 az 



2^2 



(B.8) 



Therefore, the monodromy at infinity is found to agree with the result of the algebraic 
approach ( |2.25| ) of Section 2.3. This is also the case for the monodromy around the 
critical point, which is similarly found by using ( |B.3| ). The monodromy around the 
third point z = 1 is slightly more subtle: it depends on the base point, since the cut 
from z = passes by this point. Upon using the corresponding two transformations 
of basis in (p.3|), we find the monodromies, 



z ~ 1 , 
a D 
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z ~ 1 , 
a D 

a 
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The affine part can be evaluated thanks to: 



1 , d(dD — 2a) 
dz 

dz 



m c 
V2 



1 dz d{aD ± a) = 2e^ . (B.10) 

dz y/2 



In conclusion, the second of these transformations checks again the result of Section 
2.3, Eq.flpp. 

By using the same methods for the Nf = 2 and Nf = 3 theories, we have found 
the explicit solutions for the mass values m' c = mi = vri2 = y/2, implying the critical 
point (2, 1), and the values m" = mi = m2 = m 3 = 1 for the (3, 1) point, respectively 



nj. These read: 
2 : 
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The proportionality constants are found to be: 



, m c 

" 2 = e 7T 



fa 



3^ 



m ' 



(B.12) 



4 ^2 ' 

The section (od, a) is again defined by the contour integrals in Eq. (|B.5|) and the mon- 
odromies are found by the same approach. The results check the algebraic methods 
of Appendix A, Eqs.( |A.3|) and (|A.8| ), in the cases of equal masses. 



C Isomonodromy, Integrability and Conformal Sym- 
metry 



In this Appendix, we recall some useful results in the literature [|5|][|27| which may 
clarify the general relations among these subjects. An isomonodromic holomorphic 
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section Y a (z; a{) with n singular points ( Oi, . . . , d n ) and k- dimensional monodromies, 
a = 1, . . . , k, can be associated to a flat connection. Consider the configuration 
space, which is the tensor space C n+1 for z and the singularity positions {ctj}, and 
represent the holomorphic section as a path-ordered exponential of a connection A 
in configuration space, 

Y(z;a t )=V exp A ) , (C.l) 

where the open path 7 runs from infinity to the point ( Z] <2i, . . . , d n ). This identifica- 
tion makes sense only if the path-ordered expression in the r.h.s. is independent of 
shape of the path, and thus depends on its end-point only. This implies that A is a 
flat connection, i.e. satisfies the zero- curvature condition, 

d A + AAA = , (C.2) 

where, 

d n d n 

d = -£-dz + 2J -k — da>i , and A = dlog(z — a^) , (C.3) 

az i=1 oa,i i=1 

are the component forms of the differential and the connection, respectively. The 
identification ( CTT ) implies that K satisfies the system of first-order differential equa- 



tions: 

(d - A) Y = . (C.4) 

The zero-curvature condition yields the integrability conditions for this system, which 
should be satisfied by the (k x k) matrix functions Ai(aj). 

A monodromy transformation on Y a (z; ai) is obtained by joining a closed path 7^ 
to 7 in (|C.1[) , which extends in the z sub-plane of C n+1 and encircles the singularity 



z = afc. The flatness of the connection implies the invariance under deformations of 
7j. off the z-plane in C n+1 , which amount to displacements of the other singularities: 
this is the isomonodromy property. 

This general formulation of the isomonodromic problem makes manifest a number 
of interesting relations: 

I. The equations (|C.4|) and (|C.2|) can be analysed in components and compared 



with those of Section 3 based on the Fuchsian equation. The dz component of ( |C.4| ) 
is the fc-dimensional differential system, 

d ya = £(^l Y ^ (C5) 

CLZ ; l = ^ Z <2j 
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which can be considered as a defining property for Y, analogue to the Picard-Fuchs 
equations of Section 3. The ddi components give auxiliary parametric equations, 

Y = Y , (C.6) 

aaj z — a,- 



which enforce isomonodromy. These are the analogues of the £ (mass) equation ( |3.9|) 
found in the Fuchsian theory. Moreover, the zero curvature condition gives a set of 
non- linear compatibility conditions for the A^aj) known as the Schlesinger equations, 

•9 ^ = 



OCLi . , ■ / ■ CLi — dj 

-K- Aj = -t^l, i^j; (C.7) 
aa,- a,- — a,- 



j 



these generalize the /3j conditions and the Painleve equation of Section 3. 

As mentioned in Section 4, a formal solution of the system (U.4) has been given 



in terms of the analytic correlators of the /c-component Weyl fermions \I/ Q (z), ty a (z), 
a = 1, k, and the twist fields V(ai), which belong to a c = conformal field theory 
[0]. It has the following form: 

, , a,) - (z - z) {Vi{ai) _ VN{an)) > ( C - 8 ) 

where Zo is a base point and the additional index (3 specifies the choice of boundary 
conditions for the solutions; the form of the twist fields is given in Eq. (|4.10|) . The 
derivation of this representation follows the same steps of the analysis in Section 4: 
one compares the operator-product expansion ^f(z) V(a,j) around each singularity 
di with the given monodromy data, and then determines the field V(cii) by formal 
integration of this local expansion. 



II. A general formulation of integrable systems in two dimensions can be given 
in terms of a flat connection on an certain space; therefore, we can consider the 
zero-curvature condition ( |C.2| ) arising in the isomonodromy problem as the defining 
equations of the associated integrable system. This is a heuristic argument for showing 
that isomonodromy and integrability have a common origin. 



III. The correlators of Rational Conformal Field Theories often satisfy the Knizh- 
nik-Zamolodchikov equations, which follows from the symmetry under an affine Lie 
algebra Q (implying conformal symmetry) J3|. These equations can also be written 
in terms of a flat connection in configuration space, the Kohno connection p?|, and 
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correspond to a special case of the previous isomonodromy problem. This discussion 
also applies to the general Rational Conformal Field Theories without affine algebra, 
including the Virasoro minimal models of Section 4, because they can be obtained by 
the former theories via the coset construction, which replace Q with Q/Ti. 0. 

As seen in Section 4, the n-singularity section Y(z, a«) should be compared with a 
(n+ l)-point correlator (g n+ i(z)gi(ai)g n (a n )) , where the point z is considered on the 
same footing as the Oj ones, e.g. z = a n +\. The conformal fields g>j(aj) carry a unitary 
representation Ri of the Lie group Q of dimension di, such that the monodromy 
problem is defined in the tensor space (gJ^/iilj of dimension k = ^7=1 The Lie 
group generators acting on Ri are represented by t®, satisfy [tf , t|] = f abc t\, and 
[t", t b ] = for i j. Kohno has introduced the connection Q, which is a symmetrized 
version of A: 

n 

A = An+i = A n+lii d\og(a n+ i - cii) — > 
i=i 

n+1 n+1 n+1 

^ = nEA' = ^ E Aji dhg( aj ~ di) . (C.9) 
Z j=l Z j=l i=l,ijij 

The component matrices are Ay = J2a=i tf ® with k a parameter and 

the dimension of the adjoint representation. These matrices are independent on 
the singularity positions Oj, namely they are a special case of the Schlesinger ones in 
(|C.3j). The usual equation (d — Q)Y = read, in components, 



Q n+1 j-a (gj j-a 

K—Y(a 1 ,...,a n+1 ) = 1 _ 3 Y ( a ii ■ ■ ■ » a n+i) a (C.10) 

which are indeed the Knizhnik-Zamolodchikov equations. Moreover, the correspond- 
ing zero-curvature condition (|C.2| ) reduces to the following algebraic conditions, known 



as the "infinitesimal braid relations" 27 



[Aij, A ik + A jk ] = , [Aij, A kl ] = , i^j^k^l, (G.ll) 

which are automatically satisfied due to the underlying group structure. In conclusion, 
the Rational Conformal Field Theories represent special isomonodromy problems with 
underlying affine and conformal symmetries. 
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